AMC 10 Prep 2016 to 2018 Number Properties GCD/LCM & Divsibility   Part 2: Triangles
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Let N = 123456789101112 . . . 4344 be the 79-digit number that is formed by writing the integers from 1 to 44 in order, one after the other.
What is the remainder when NN is divided by 45?

(A)1 (B)4 (C)9 (D)18 (E)44




image8.png
We only need to find the remainders of N when divided by 5 and 9 to determine the answer. By inspection, N = 4 (mod 5). The remainder when
Nisdividedby9is1+2+3+4+---+14+0+1+14+1+2+---+4+3+4+ 4 butsince 10 = 1 (mod 9), we can also write

44 - 45
thisas1+24+3+4---+104+11+124---43+44 = 3
the answeris| (C) 9|

= 22 - 45, which has a remainder of 0 mod 9. Therefore, by inspection,

Note: the sum of the digits of V is 270.
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How many of the first 2018 numbers in the sequence 101, 1001, 10001, 100001, . . . are divisible by 101
?

(A)253  (B)504 (C)505 (D) 506  (E) 1009
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The number 10™ + 1 s divisible by 101 if and only if 10" = —1 (mod 101). We note that
(10,10%,10%,10*) = (10, —1, —10,1) (mod 101), so the powers of 10 are 4-periodic mod 101. It
follows that 10™ = —1 (mod 101)ifand onlyif n = 2 (mod 4).

In the given list, 102 4 1,10% + 1,10* + 1,...,10%"® 4 1, the desired exponents are
2,6,10,...,2018 and there are 2020/4 = | (C) 505 | numbers in that list.
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Let ai, as, . . ., ao1s be a strictly increasing sequence of positive integers such that
a1 + Ay 4 - + Gg015 = 2018718,
What is the remainder when a? + ag +-+ agm is divided by 67

@ao ®1 (©2 O3 (E)4
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One could simply list out all the residues to the third power mod 6. (Edit: Euler's totient theorem is not a valid approach to showing that they
are all congruent mod 6. This is due to the fact that a, need not be relatively prime to 6.)

Therefore the answer is congruent to 2018%”'® = 22 (mod 6) = | (E)4
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How many integers between 100 and 999, inclusive, have the property that some permutation of its digits is a multiple of 11 between 100 and
9997 For example, both 121 and 211 have this property.

(A)226 (B)243 (C)270 (D)469 (E) 486
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We note that we only have to consider multiples of 11 and see how many valid permutations each has. We can do casework on the number of
repeating digits that the multiple of 11 has:

Case 1:All three digits are the same. By inspection, we find that there are no multiples of 11 here.
Case 2: Two of the digits are the same, and the third is different.

Case 2a: There are 8 multiples of 11 without a zero that have this property: 121, 242, 363, 484, 616, 737, 858, 979. Each contributes 3 valid
permutations, so there are 8 - 3 = 24 permutations in this subcase.

Case 2b: There are 9 multiples of 11 with a zero that have this property: 110, 220, 330, 440, 550, 660, 770, 880, 990. Each one contributes 2
valid permutations (the first digit can't be zero), so there are 9 - 2 = 18 permutations in this subcase.

990 — 110
Case 3:All the digits are different. Since there are 1 + 1 = 81 multiples of 11 between 100 and 999, there are 81 — 8 — 9 = 64

multiples of 11 remaining in this case. However, 8 of them contain a zero, namely 209, 308, 407, 506, 605, 704, 803, and 902. Each of those
multiples of 11 contributes 2 - 2 = 4 valid permutations, but we overcounted by a factor of 2; every permutation of 209, for example, is also a
permutation of 902. Therefore, there are 8 - 4/2 = 16. Therefore, there are 64 — 8 = 56 remaining multiples of 11 without a 0 in this case.
Each one contributes 3! = 6 valid permutations, but once again, we overcounted by a factor of 2 (note that if a number ABC is a multiple of 11,
then so is CBA). Therefore, there are 56 - 6/2 = 168 valid permutations in this subcase.

Adding up all the permutations from all the cases, we have 24 + 18 4+ 16 + 168 =| (A) 226 |.
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How many ordered triples (z, y, z) of positive integers satisfy lem(z, y) = 72, lem(z, z) = 600 and lem(y, z) = 900?
(A)15 (B)16 (C)24 (D)27 (E)64
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We prime factorize 72, 600, and 900. The prime factorizations are 23 x 3% 2% x 3 x 5%and 22 x 3% x 5 respectively. Let z = 2% x 3° x 5°
Ly =2%%3°x 5 andz = 29 x 3" x 5. We know that

max(a,d) =3
max(b,e) =2
max(a, g) =3
max(b,h) =1

max(c,1) =2
max(d, g) = 2

max(e,h) =2

and ¢ = f = 0 since lem(z, y)isn't a multiple of 5. Since max(d, g) = 2 we know that @ = 3. We also know that since max (b, h) = 1that
e = 2. So now some equations have become useless to us...let's take them out.

max(b,h) =1

max(d, g) = 2

are the only two important ones left. We do casework on each now. If max(b, h) = 1then (b, h) = (1,0), (0, 1) or (1, 1). Similarly if
max(d, g) = 2then (d, g) = (2,0), (2, 1), (2,2), (1,2), (0, 2). Thus our answeris 5 x 3 = | (A)15|
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Last year Isabella took 7 math tests and received 7 different scores, each an integer between 91 and 100, inclusive. After each test she noticed
that the average of her test scores was an integer. Her score on the seventh test was 95. What was her score on the sixth test?

(A)92 (B)94 (C)9 (D)98  (E) 100
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Let the sum of the scores of Isabella's first 6 tests be .S. Since the mean of her first 7 scores is an integer, then S + 95 = 0 (mod 7), or
S =3 (mod 7). Also, S = 0 (mod 6), so by CRT, S = 24 (mod 42). We also know that 91 - 6 < S < 100 - 6, so by inspection, S = 570.
However, we also have that the mean of the first 5 integers must be an integer, so the sum of the first 5 test scores must be an multiple of 5,

which implies that the 6th test score is | (E) 100 |
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In AABC, AB = 6, AC = 8 BC = 10, and D is the midpoint of BC. What is the sum of the radii of the circles inscribed in AAD B and
AADC?

Wi ®L ©nE o ®3
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We note that by the converse of the Pythagorean Theorem, AABC is aright triangle with a right angle at A. Therefore,

12 3
AD = BD = CD = 5,and [ADB] = [ADC] = 12. Since A = rs, the inradius of AAD B is ——————— = —, and the inradius of
(5+5+6)/2 2
E 12 4 . 17
AADCis ———————— = —. Adding the two together, we have | (D) — |.
(5+5+8)/2 3 6
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The vertices of an equilateral triangle lie on the hyperbola zy = 1, and a vertex of this hyperbola is the centroid of the triangle. What is the
square of the area of the triangle?

(A)48 (B)60 (C)108 (D)120  (E) 169
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WLOG, let the centroid of AABC be I = (—1, —1). The centroid of an equilateral triangle is the same as the circumcenter. It follows that the
circumcircle must intersect the graph exactly three times. Therefore, A = (1, 1), so Al = Bl =CI = 2\/5, so since AAI B is isosceles
and ZAIB = 120° then by Law of Cosines, AB = 2V6. Alternatively, we can use the fact that the circumradius of an equilateral triangle is

2v6)%V/3
i . Therefore, the area of the triangle is M = 6v/3,sothe square of the area of the triangle is | (C) 108 |.

V3 4

equal to
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Sides AB and AC of equilateral triangle ABC are tangent to a circle at points B and C' respectively. What fraction of the area of AABC lies
outside the circle?
4W3r 1 V3

e
7 "3 ® 53

() Vi- 20T gy 1A

1
C) =
( )2 3 27

(A)
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Let the radius of the circle be 7, and let its center be O. Since AB and AC are tangent to circle O, then ZOBA = ZOC A = 90°, so
Z/BOC = 120°. Therefore, since OB and OC are equal to r, then (pick your favorite method) BC = 7V/3. The area of the equilateral

3)2v3  3r3/3 1 1 3 2 2V3
triangle is M . \/_ and the area of the sector we are subtracting from itis —mr% — —r - 7 - £ T \/_ The area
4 4 3 2 2 3 4
. 323 mr? N mr? .
outside of the circle is “\3 2 = r°v/3 — ——. Therefore, the answer is

TQﬁf“TTz_ E4— 437
EN] ’()37 27
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A square with side length z is inscribed in a right triangle with sides of length 3, 4, and 5 so that one vertex of the square coincides with the right-
angle vertex of the triangle. A square with side length ¥ is inscribed in another right triangle with sides of length 3, 4, and 5 so that one side of

the square lies on the hypotenuse of the triangle. What is 57
35 13
7

3
Wp ®L ©1 oy ®
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Analyze the first right triangle.

C
D E
T
A i B
Note that AABC and AF BE are similar, s0 o = 2 This can be written as -~ = = Solving, z = =
ote tha an are similar, so = = —r~. This can be written as —— = =. Solving, » = —
Now we analyze the second triangle.
C/
S
R
T
A Q B’

4
Similarly, AA’ B'C’ and ARB'Q are similar, so RB' = 3 andC'S = Zy. Thus, C’'B' = C'S + SR+ RB' = %y +y+

Solving for y, w ty = 20 _(D)37
I z_ 20
olving Tor y, we get iy 37 US,y 35

3
Zy:S.
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Rectangle ABC'D has AB = 5and BC = 4. Point E lies on AB so that EB = 1, point G lies on BC so that CG = 1. and point F' lies on
_ [ — — P
CD sothat DF = 2. Segments AG and AC intersect EF at Q and P, respectively. What is the value of —Q”

EF’
A B B
G
D F c

13 2 9 10 1
WY 52 ol ol @l
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Since the opposite sides of a rectangle are parallel and ZAPE = ZC PF due to vertical angles, AAPE ~ AC PF. Furthermore, the ratio

AE
between the side lengths of the two triangles is —— o3 Labeling EP = 4x and F'P = 3z, we see that E'F turns out to be equal to 7. Since
the denominator of EF must now be a multiple of 7, the only possible solution in the answer choices is| (D) —
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Farmer Pythagoras has a field in the shape of a right triangle. The right triangle's legs have lengths 3 and 4 units. In the corner where those sides
meet at a right angle, he leaves a small unplanted square .S so that from the air it looks like the right angle symbol. The rest of the field is
planted. The shortest distance from S to the hypotenuse is 2 units. What fraction of the field is planted?

/
3 /
/
/2
/
4
25 26 73 145 74
(A) bYi (B) PYi (©) 7 (D) 7 (E) T
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Let the square have side length z. Connect the upper-right vertex of square .S with the two vertices of the triangle's hypotenuse. This divides the
triangle in several regions whose areas must add up to the area of the whole triangle, which is 6.

z(3—z) z(4—x) i o
———— and ————. The final triangular region with the hypotenuse as

Square S has area 22, and the two thin triangle regions have area B B

its base and height 2 has area 5. Thus, we have

'2+z(3fz)+z(4fz)

a 5=6
T B 2 +
4
I 4 o b-a [
Solving gives & = =. The area of S’ is — and the desired ratio is =|—
7 49 6 147
2
Alternatively, once you get z = 7 you can avoid computation by noticing that there is a denominator of 7, so the answer must have a factor of 7
145

in the denominator, which only does.

147
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Let ABCDEF be a regular hexagon with side length 1. Denote by X, Y, and Z the midpoints of sides AB, CD, and EF, respectively. What
is the area of the convex hexagon whose interior is the intersection of the interiors of AACE and AXY Z?

(A)gﬁ (B)%\/E (C)gﬁ (D)%ﬁ (E)lg—6\/§
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The desired area (hexagon M P NQOR) consists of an equilateral triangle (A M N O) and three right triangles (AM PN, AN QO, and
AORM).

Notice that AD (not shown) and BC are parallel. XY divides transversals AB and C'D intoa 1 : 1ratio. Thus, it must also divide transversal
AC and transversal CO into a 1 : 1ratio. By symmetry, the same applies for CE and E'A as well as EM and AN

[MNO] 1 [MPN] 1 .
[ACE] = Zand [ACE] = g Our desired area becomes

V3 _15

4 32

In AAC E, we see that

1 1
G+3 5 3=[C
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How many ordered pairs (a, b) of positive integers satisfy the equation
a-b+ 63 =20-lcm(a,b) + 12 - ged(a, b),
where ged(a, b) denotes the greatest common divisor of a and b, and lem(a, b) denotes their least common multiple?

(A)0 (B)2 (C)4 (D)6 (E)8
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Letz = lcm(a, b), and y =gcd(a, b). Therefore, a - b =lem(a, b)-gcd(a, b) = x - y. Thus, the equation becomes
z-y+63=20z+ 12y
z-y—20z—12y+63 =0
Using Simon's Favorite Factoring Trick, we rewrite this equation as
(z —12)(y —20) —240 + 63 =0
(z —12)(y — 20) = 177

Since 177 = 3 - 59andz > y,wehavex — 12 = 59and y — 20 = 3,orz — 12 = 177 and y — 20 = 1. This gives us the solutions
(71, 23) and (189, 21). Obviously, the first pair does not work. Assume a > b. We must have @ = 21 - 9 and b = 21, and we could then have
a < b, so there are| 2 | solutions. (awesomeag)
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Let a, b, ¢, and d be positive integers such that ged(a, b) = 24, ged (b, ¢) = 36, ged(c, d) = 54, and 70 < ged(d, a) < 100. Which of the
following must be a divisor of a?

(A)5 (B)7 (C)11l (D)13 (E)17
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We can say that a and b 'have' 2° 3, that b and ¢ have 22 * 32 and that ¢ and d have 3% x 2. Combining 1 and 2 yields b has (at a minimum)
2% % 32 and thus @ has 2° * 3 (and no more powers of 3 because otherwise gcd(a, b) would be different). In addition, ¢ has 3% * 22 and thus d
has 3% 2 (similar to a, we see that d cannot have any other powers of 2). We now assume the simplest scenario, where a = 2° x 3 and

d = 3? % 2. According to this base case, we have gcd(a, d) = 2 x 3 = 6. We want an extra factor between the two such that this number is
between 70 and 100, and this new factor cannot be divisible by 2 or 3. Checking through, we see that 6 * 13 is the only one that works.

Therefore the answeris | (D) 13





image5.png
How many four-digit integers abcd, with a # 0, have the property that the three two-digit integers ab < bc < cd form an increasing arithmetic
sequence? One such number is 4692, where a = 4,b = 6,¢ = 9,and d = 2.

(A)9 (B)15 (C)16 (D)17 (E)20
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The numbers are 10a + b, 10b + ¢, and 10c + d. Note that only d can be zero, and thata < b < c.

To form the sequence, we need (10¢ + d) — (10b + ¢) = (10b + ¢) — (10a + b). This can be rearranged as
10(c — 2b + a) = 2¢ — b — d. Notice that since the left-hand side is a multiple of 10, the right-hand side can only be 0 or 10. (A value of —10
would contradict a < b < c.) Therefore we have two cases:a@ + ¢ — 2b = landa + ¢ — 2b = 0.

Case 1

Ifc=9thenb+d=38, 2b —a =8 s05 < b < 8 This gives 2593, 4692, 6791, 8890. 1f c = 8,thenb+d =6, 2b —a = 7, so
4 < b < 6. This gives 1482, 3581, 5680. 1f c = 7,thenb + d = 4, 2b — a = 6, so b = 4, giving 2470. There is no solution for ¢ = 6. Added
together, this gives us 8 answers for Case 1.

Case 2

This means that the digits themselves are in arithmetic sequence. This gives us 9 answers,
1234, 1357, 2345, 2468, 3456, 3579, 4567, 5678, 6789.

Adding the two cases together, we find the answertobe 8 + 9 =[ (D) 17|





